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Abstract A computer simulation sludy of the la(tice dynamics and vacancy migaiion of BCC 
Fe and in BCC Zr is presented. The muI6 obtained are in good agreement with expenmenb. 
Special aftention is paid lo the temperature behaviour of the Ttf(110) phonon mode. This 
mode in Zr is shown to be related to the p-to- phase mmfomation as well as to the curvature 
of the Arrhenius plot. A phononcnhanced mechanism with a temperattwdependent vacancy 
migration enthalpy is proposed as an explanation of ‘anomalous’ self-diffusion in BCC metals. 

1. Introduction 

BCC metals are conventionally classified in two groups with regard to selfdiffusion: 

(i) ‘normal’ metals such as Cr, MO, W and Fe, which exhibit linear dependences of 
the diffusion coeficient versus normalized temperature T J T  (where T,, is the melting 
temperature) with the parameters obeying the well known semi-empirical relations; 

(ii) ‘anomalous’ metals such as B-Ti, p-Zr and P-Hf, in which the diffusivities are much 
faster than those in (i) and the Arrhenius plots are strongly curved (see e.g., [I]). 

Various hypotheses have been advanced in order to explain these anomalies. The 
recent most promising models confirm the monovacancy mechanism 121 and suggest that 
the diffusion processes in (ii) are dominantly controlled by certain soft and temperature- 
dependent phonon modes. Thus, Herzig and Kohler [ 11 examine the L$(I l l )  mode, while 
Petry eta/ [3] consider the Tlf ( l  IO) mode. It is important that these two types of Brillouin 
zone boundary phonon are related to the displacements necessary for high-pressure BCC-to- 
o and low-temperature BCC-to-HCP phase transformations, respectively. Furthermore, the 
extensive phonon measurements by Petry et al (see, e.g., 141) have revealed that both types 
of phonon are overdamped and have a very low energy but only a TI ;(I IO) mode (hereafter 
denoted the TI  N-point phonon mode) is temperature dependent. 

Attempts have been made to clarify diffusion phenomena in (ii) by computer simulations. 
For instance, Willaime and Massobrio [5-71 have developed a model for Zr based on the 
N-body interatomic potential which reproduces some properties of HCP and BCC Zr. In 
particular, the low frequencies of the Lq( 11 1) and TI $( 1 IO) phonon modes [6] as well 
as an essentially low vacancy migration energy HF = 0.25 eV [7] have been obtained. 
Nevertheless, neither a strong temperature dependence of the above phonons nor a curvature 
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of the Arrhenius plot has been displayed. In our preliminary work on vacancy migration 
in BCC Zr [SI we have found two pronounced regions in the plot of the vacancy jump 
rate versus the reciprocal temperature with H: = 0.33 eV (2000 K > T 1500 K) 
and H," = 0.12 eV (1400 K > T > 1100 K). However, the phonon properties, phase 
transformations and vacancy migration mechanism were not investigated sufficiently well 
in that work. 

In this paper we present in brief the results of computer simulations of the lattice 
dynamics via the quasi-harmonic approximation (QHA) and molecular dynamics (MD), of the 
BCC-to-HCP and BCC-to-w phase transformations, and of the vacancy migration mechanism 
in 'normal' BCC Fe and 'anomalous' BCC Zr. 

A G Mikhin and Yu N Osetsky 

2. Potentials and calculation model 

All calculations are performed within the transition-metal model [9] based on the generalized 
pseudopotential theory [ I O , ]  I]. As was shown by Moriarty, [ IO,  1 I] the transition-metal 
pair potential may be written as 

V d r )  = V&) t v d ( r )  -k V d r ) .  (1) 

The first term represents the screened Coulomb interaction which, in the second-order 
approximation, has the form [12] 

where Z is the effective valence, c ( q )  is the dielectric function in the Geldart-Taylor 
approximation [I31 and V ( q )  is the Fourier transform of the local pseudopotential. Here 
we use the model pseudopotential of Animalu and Heine [13]: 

V ( q )  = -(4rZ/q2)Icos(qRd t Us[[sin(qRs)/qRsl - cos(qRS)1)exp(-yq4/16k~) (3) 

where kF is the Fermi momentum, and R,, Us and y are parameters. The applicability of 
this pseudopotential to transition metals was discussed in [12]. 

The second term in (1) describes the volume-dependent d-electron interactions. 
According to Moriarty [IO]. the pair part of these interactions may be written in the form 

v d ( r )  = cz(ro/r)20 - C~(ro / r )"  (4) 

where ro = 1.SRws (RWS is the WignerSeitz radius), and CI and C2 are material-related 
parameters which depend on d-band filling and width. 

The third term in (1) represents the short-range overlap potential. Here we use the 
simple Born-Mayer potential 

Vo,(r) = Aexp(-Er) (5) 

with A and B as parameters. 
The detailed description of the fitting procedure and testing of this type of potential 

for different metals will be presented in [14]. Here we note only that the pseudopotential 
parameters R,, Lis and y as well as the parameters A and B were determined by fitting 
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to the equilibrium lattice parameter, bulk modulus and some points of phonon dispersion 
curves of HCP Zr and BCC Fe. The parameters CI and CZ were specified in accordance with 
the filling and width of the d zone [IS, 161, and the effective valence 2 was assumed to be 
near first-principle valences [17]. It should be noted that the potential for HCP Zr was used 
successfully in [18] to study the features of the anisohopy of the miaption of vacancies 
and jnterstitials. 

The parameters obtained for HCP Zr were then used to construct a potential for BCC 
Zr. The elastic constants, the enthalpy difference between the BCC and HCP phases and 
the monovacancy properties calculated by statical simulation of BCC Zr and BCC Fe are 
listed in table 1. It can be seen that the agreement between the calculated and experimental 
quantities is quite good not only for Fe but also for BCC Zr. 

Table 1. Physical quantities for Bcc Fe and BCC Zr calculated with the QHA at 0 K and 
zero pressure and compared with the experimental values for a-Fe and p-Zr from [I21 (room 
temperature) and [4] (T = 915 K). respectively. n is the lattice parameter, AH = HEC - H ~ c p  
is the enthalpy difference between BCC and HCP phases, E ,  Can and C‘ are the elastic moduli, 
and H: and H,” are the vacancy f a r d o n  and migration enthalpies, respectively. 

n AH B c44 C’ H: H,m 
(A) (eV/atom) (GPa) (CPa) (GPa) (eV) (eV) 

Fe. calculated 2.87 -0.07 181 114 50 1.94 0.78 
168 118 49 22.00 “0.6-1.3 Fe. experimental 2.87 - 

Zr, calculated 3.58 0.03 86 67 0.4 1.15 0.51 
2, experimental 3 . 9  0.04 97 38 5.5 - - 

Extrapolation at 0 K of the linear fit to the experimental values from [4]. 

Using this potential and different MD techniques we studied phonon properties, phase 
transformations and vacancy migration. To study the vacancy migration mechanisms we 
used the usual MD technique for a crystal of 1457 movable atoms oriented along [loo], 
[OlO] and [OOl] axes with periodic boundary conditions. During our calculation the time 
step was to = 1 x s. We used three series of simulations with different initial velocity 
distributions for each temperature. Each series collected about 50-100 vacancy jumps which 
required about 100000-200000 time steps depending on the temperature. A study of the 
temperature behaviour of phonon modes was carried out for the same crystals using the 
perturbation technique 1191. The simulation of phase transformations was performed at a 
constant temperature and constant pressure by employing the Parinello-Rahman and Nose 
techiques [ZO]. For these simulations we used crystals containing 264-800 movable atoms 
oriented along [loo], [Oll] and [Oil] directions. Note that during all the calculations we 
took into account the change in atomic volumes for both metals due to the thermal lattice 
expansion. 

3. Results and discussion 

It was supposed that the temperature behaviour of phonons is the key to understanding the 
anomalous diffusion phenomenon; so we paid special attention to the features of the phonon 
behaviour in BCC Fe and BCC Zr. 

The phonon dispersion curves calculated for zero temperature in the B c c  phases of Fe 
and Zr via the QHA are presented in figure 1. It is easy to see that the curves obtained for 
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both metals compare well with the experimental points from [4,21]. Moreover, for BCC 
Zr, our model reproduces the extremely low-lying TI [ 1101 branch. In particular, the shear 
modulus C' = f(Cn - CI2) (see table 1) is close to zero. These facts show the mechanical 
instability of the BCC lattice in the QfiA with respect to the BCC-to-HCP transformation as 
predicted by the &-initio frozen-phonon calculations [22].  It should be noted that the Zr 
model in [6] also describes such features of phonons in BCC Zr within the QHA. A study of 
Dbonon temverature behaviour within the QHA shows us a weak frequency decrease for all 

A G Mikhin and Yu N Osetsky 

symmetry point phonons. 

r P r N .  r 
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Figure 1. Phonon dispersion cumes of (a)  BCC Fe a1 295 K and (6) BCC Zr at 1188 K: -, 
results of the QHA calculations, 0,  0, experimental results irom 1121 and 14). respectively; the 
crosses me results of the MD computadons at 1200 K. 

Qualitatively another result was obtained when we studied the temperature behaviour 
of the Li(111) mode and the Tlf(ll0) mode with [?lo] polarization by applying the MD 
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and the perturbation techqniques. It was found that the frequencies of both modes for Bcc 
Fe and the former mode for BCC Zr decrease weakly as the temperature increases as well as 
in the QHA. However, contrary to the quasi-harmonic calculations, the MD data demonstrate 
the small but real frequency of the TI N-point phonons in BCC Zr (see figure l(b)) which 
increases significantly with increasing temperature (see figure 2). This phonon temperature 
behaviour compared remarkably well with the experimental results [4]. Note that the results 
on phonon temperature behaviour obtained in [61 demonstrated a very weak temperature 
dependence (open squares in figure 2). 

0.0 4 , I I I I I I I , I , . , 
500 lob0 1500 A 0  

T e m p e r a t u r e  (K) 

Fiyre 2. Temperalure dependences of the Frequencies of the TI N-pint phonons: 0, 

MD computation; - - -, extrapolation of MD computation to the low-temperature region; A, 
experimental values [4]; 0, MD computations 161; 0, &-initio calculations [221; . . . . . ., predicted 
dependence of &-iniri<, ealeulntions. 

Thus, our computations confirm the importance of the excess vibrational entropy due to 
the low-energy TI [l IO] branch in stabilizing the BCC structure of Zr at high temperatures [4]. 
The temperature dependences of other phonons at the symmetric points in BCC Zr and all 
phonons in BCC Fe are quite weak and they are well described by the QHA. 

These results are in good correlation with simulations of the phase transformation. As 
expected from the phonon properties, BCC Fe is found to be stable with regard to the BCC-to- 
HCP transformation over the whole temperature range investigated (1000 I< < T < 2000 K), 
while BCC Zr transforms into the HCP structure at T < Tg+. = 1250 K (experimental 
temperature T c m  = 1135 K) according to the Burgers mechanism as in [5 ] .  As for the 
BCC-to-# phase transformation, the stable structure was not found for both metals over 
the whole temperature range and pressure range (0-250 kbar) used. 

Finally, we carried out a vacancy migration study by MD at constant pressure. In both 
metals the vacancy is observed to migrate mostly via nearest-neighbour jumps. Only a few 
fast vacancy jumps into third- and fifth-neighbour sites were found for high pre-melting 
temperatures. However, these very scarce events do not affect the total vacancy jump rate. 
The temperature dependences of the vacancy jump rate r ( T )  for BCC Zr and BCC Fe are 
presented in figure 3. Note how the behaviour for ncc Fe is linear whereas it is not linear 
for ncc Zr, in qualitative agreement with tracer diffusion measurements [l]. Therefore, 
r ( T )  for BCC Fe can be expressed in terms of the Arrhenius relation 

r( t )  - roexp(-G;/kT) = r;exp(-H;/kT) (6) 
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with 
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GF = H,!" - TS,". (7) 

Here Cy, H,!" and Sy are the free energy, the enthalpy and the entropy, respectively, of the 
vacancy migration, and ro is the attempt frequency. For BCC Fe the best fit of equation (6) 
to the results obtained gives rb = 2.2 x lOI4 s-' and H," = 0.85 eV. Note that the 
vacancy migration enthalpy derived from MD is slightly larger than from static calculations 
(see table I). The same treatment for BCC Zr gives the values r; = 1.5 x 1013 s-' and 
H," = 0.38 eV but describes the results obtained quite unsatisfactorily. 

0 -2r (Tm'2125 K) 
n -Fe (T,=1808 K) 

'.. ... 
Z Fiyrc 3. Vacancy jump rate versus normalized 

reciprocal tempemure for BCC Fe and BCC Zr. 

Taking into account the above phonon considerations we associate unambiguously the 
curvature of r ( T )  for BCC Zr with the TI N-point phonon softening as the temperature 
decreases to Tp,,. So, it is reasonable to assume that equation (7) is too simple to describe 
GF for BCC Zr, which follows a more complex temperature dependence. We suggest that 
there are two kinds of phonon mode which are responsible for vacancy migration. We 
call the first type the 'normal modes'; these are described by QHA qualitatively and their 
frequencies decrease weakly as the temperature increases. We call the second strongly 
anharmonic type the 'anomalous modes' and their frequencies increase with increasing 
temperature. The latter are mainly the TI f(l10) phonons. To describe the curvature of the 
Arrhenius plot for BCC Zr we substitute for the following expression for the free energy of 
vacancy migration for equation (7): 

GF(T) = Gr + GPT + G!,/T (8) 

where the term GPT is connected with the normal quasi-harmonic modes and the term 
GPl /T  with the anomalous modes. Comparing these with the thermodynamic parameters, 
we can attribute Gr to H," and Cy to -SF. Then, following [23],  we introduce the 
anomaly parameter for vacancy migration: Am = - Gml. Combination of equation (8) with 
equation (6) gives 

r(T) = r&exp(-H,"/kT) exp(Am/kT2). (9) 

For BCC Zr the best three parameters that fit equation (9) to the results obtained are 
r; = 1.7 x IO'' s-I, H,!" = 1.5 eV and Am = 760 eV K. As shown in figure 3 (full 
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curve), equation (9) with the above parameters allows us to describe r ( T )  for BCc Zr quite 
well. Let us try to find the physical meaning of the above parameters. As follows from 
equation (9), H," is the vacancy migration enthalpy for very high temperatures when the 
second exponent in (9) is close to unity. In addition, for these temperatures we shall have 
quite a straight Arrhenius plot. However, these temperatures lie out of the range of existence 
of BCC Zr. Therefore, for realistic temperatures, we have a curved Arrhenius plot and an 
effective vacancy migration enthalpy (which may be determined as the slope of Arrhenius 
plot for particular temperatures) less than H,". Moreover, we can find the temperature TO 
when the effective vacancy migration enthalpy is equal to zero: 

For the above parameters the temperature TO = 500 K, and therefore it lies much lower 
than the BCC-to-HCP phase transition temperature Tp,u  = 1250 K. Thus, H," is the vacancy 
migration enthalpy for the hypothetical high-temperature 'non-anomalous' BCC Zr and Am 
is related to the temperature of the 'low-temperature instability' of BCC Zr. It is clear 
that this 'low-temperature instability' obtained from vacancy migration must reflect the 
instability of phonons which are responsible for this anomaly. So, it is not surprising that 
TO coincides with the extrapolated temperature of zero frequency of the TI N-point phonons 
(see figure 2). We think that this coincidence confirms the important role of the TI (1 10) 
phonons in the vacancy migration anomaly in BCC Zr. 

s-I, 
H,!" = 0.86 eV and Am = 3 eV K. Thus, i n  the case where there is no anomaly in the 
phonon behaviour, we obtained a very small anomaly parameter for vacancy migration in 
BCC Fe and exactly the same values of attempt frequency and vacancy migration enthalpy 
as using equation (6). 

Therefore, the results obtained by MD simulation of vacancy migration show that the 
migration enthalpy for B c c  Fe is constant while the effective vacancy migration enthalpy 
for BCC Zr is strongly temperature dependent. 

From static calculations for BCC Fe we obtained H," = 0.78 eV. It is clear that the static 
technique allows us to estimate the lower limit of this value as in an adiabatic approximation. 
Indeed, the MD results for Fe gave us the alue ff," = 0.85 eV. Qualitatively this result is 
quite understandable for a system with only normal phonons. A similar result was obtained 
in [?A] using a simpler long-range pair potential for BCC Fe. It is difficult to compare these 
results with experimental data because there is an uncertainty in the experimental results 
of 0.55-1.30 eV [25-281. In [29] a relatively low enthalpy of 0.66 eV was also obtained. 
Nevertheless, we think that the larger value is more appropriate for a 'normal' metal, and 
therefore for a-Fe. Moreover, the vacancy migration enthalpy of about 0.9 eV is more 
consistent with the activation enthalpy for self-diffusion in a-Fe [30,31]. 

For BCC Zr we have quite another situation and the effective vacancy migration enthalpy 
varies from 0.24 eV (for T = 1188 K )  to 0.79 eV (for T = 2100 K) in comparison with 
the static result H," = 0.51 eV. This may be understood if we take into account the results 
obained for the temperature behaviour of anomalous phonons. At low temperatures near 
the phase transformation these phonons have low frequencies and are strongly temperature 
dependent. In our opinion this is why there is both fast vacancy migration by the mechanism 
discussed below and curvature of the Arrhenius plot. At high pre-melting temperatures 
the frequency of the TI N-point phonons is increased and the temperature dependence is 
weak. So the effect of these phonons on vacancy migration is decreased and we have a 
'normal' vacancy migration similar to that for Fe. It is interesting also to note that our 

In relation to Bcc Fe, the treatment of r ( T )  by equation (9) leads to rk = 2.3 x 
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vacancy migration enthalpy for BCC Zr at T = 1188 K is close to 0.28 eV, the value 
calculated for the same temperature in 12.91 by the treatment of phonon spectra of BCC Zr 
with the phonon-controlled vacancy migration model. However, we obtained larger vacancy 
migration enthalpy at a high temperature (T = 1883 K) than that in [29]: 0.71 eV instead 
of 0.37 eV. It seems to us that one possible reason for this may be the high frequency of 
L$(I I I )  phonons in our model of BCC Zr. A comparative analysis of the present results 
and those in [7,8] allowed us to propose that these phonons determine the slope rather than 
the curvature of the Arrhenius plot. For example, the frequency and behaviour of these 
phonons in both BCC Fe and BCC Zr are similar in our model. At the same time in the 
high-temperature region, where the effect of the TI N-point phonons is weak, we obtained 
similar slopes of the Arrhenius plots (and therefore similar vacancy migration enthalpies) 
for the two metals. In view of this, the correlation between the activation energy for self- 
diffusion and the degree of the L$( 1 1  1) phonon softening in BCC metals reported by Herzig 
and Kohler [I]  can be better understood. 

Thus, we have more or less direct evidence of a close relationship between the frequency 
and temperature dependences of the TI N-point phonons and vacancy migration enthalpy. 

Looking for the difference between the migration mechanisms in BCC Fe and BCC Zr, 
we investigated the temporary evolution of atomic displacements around a vacancy during 
the migration process. In the general case, the trajectory of the migrating atom is complex 
and deviates from the straight { 11 1) path. However, careful analysis reveals the following 
features. 

A C MiWlin and Yu N Osetsky 

( I )  The deviations in Zr are greater than those in Fe. 
(2) The deviations in BCC Zr increase when approaching the BCC-TO-HCP phase 

tmasformation. 

Typical displacements in BCC Zr at low temperatures are shown in figure 4(a). 
The trajectory of the migrating atom with the elementary jump vector $ [ i i l ]  can be 
approximately expanded in the (101) plane into three parts. The first and third parts 
coincide with the [T i l ]  direction while the second is in the [io11 direction. Generalizing 
this expansion over all directions of vacancy jumps gives 

where 6 is the degree of deviation from the straight (1 11) path (0 < 6 < 1). For instance, 
for BCC Fe, 6 is close to zero while, for BCC Zr, at low temperatures 6 is about unity. 

Further analysis for BCC Zr gives a migration mechanism enhanced by soft TI N-point 
phonons which can be outlined as follows. When the migrating atom moves into a vacant 
site, it  goes through two triangular configurations formed by atoms in adjacent (111) planes, 
as illustrated in figure 4(b). The superposition of the TI N-point phonons promotes large 
(1 1 i)( 112) displacements in these triangles. These displacements are strongly spatially and 
temporally correlated so that the whole system acts as a ‘double door’; that is, whereas 
the first triangle door is opening, the second is closing, and vice versa. Consequently the 
migrating atom should deviate from the straight [ if11 path in order to find the most widely 
opened space. From an energy point of view this process implies an asymmetric double 
barrier for the migrating atom which changes periodically with a frequency close that of 
the TI N-point phonons. Note that a similar scenario has been discussed by Petry et a! 
[3]. However, this situation is characteristic only for low temperatures. As the temperature 
rises, the frequencies of the TI N-point phonons rise also and conditions for a correlated 
‘double door’ are disturbed. This leads to a more irregular but straighter path (6 -+ 0) 
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Figure 4. Atomic displacements around a vacancy during the migration process in BCC ZI at 
1200 K (a) nearest-neighbour atoms, (6) the (1 l i )  projection of the trajectory of the migrating 
atom (in the centre) and two eiangular configurations. 

for the migrating atom and to an increase in the effective vacancy migration energy. Thus, 
vacancy migration mkhanisms for BCC Fe in the whole temperature range and for BCC Zr 
in the high-temperature range are very similar. 

In principle, the existence of a dynamic asymmetric double barrier for vacancy migration 
was suggested earlier [32]. In this work the vacancy migration in BCC Fe was studied using 
MD and a short-range empirical potential. It was found that the vacancy jump rate is 
described very well by equation (6) and the dynamic vancancy migration energy (0.48 eV) 
was less than that from static calculation (0.60 eV). In [32] a dynamic double barrier was 
assumed to exist in order to explain this decrease in the migration energy. Qualitatively the 
same result-a straight Arrhenius plot and a dynamic vacancy migration energy less than 
the static value-was obtained in [7] for BCC Zr. We do not know the phonon properties 
for the potential used in [32] but we know that the potential used in [7] gives a very 
weak temperature dependence of the TI N-point phonons. When our results are taken into 
account, it is reasonable to suppose that both Willaime and Massobrio [7] and Tsai et a[ 
[32] observed the ‘anomalous migration’ of vacancies in B c c  Fe and BCC Zr in the whole 
temperature range investigated and that they did not obtain the curvature of Arrhenius plots 
because the potentials used in 17,321 do not describe the strong temperature dependence of 
the above phonons. 

4. Summary 

In summary, our model reproduces well the main properties of ‘normal’ BCC Fe and 
‘anomalous’ BCC Zr. Within the framework of this model we found the phonon-enhanced 
mechanism of vacancy migration. According to this mechanism the self-diffusion anomalies 
for the BCC phases of the group IVb metals are induced by the particular behaviour of the 
L$( 11 1) and TI f( 110) phonons or more generally of the TI $[ 1121 branch. We demonstrated 
that the temperature-dependent TI ;[ 1161 mode provides the observed curvature of the 
Arrhenius plot while the L!(111) mode seems to be responsible for the high level of 
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vacancy mobility. A more detailed picture of phonon-enhanced vacancy migration will be 
given elsewhere. 

A G MiWtin and Yu N Osetsky 
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